Joe Dinius Math 565C

Final HW May 10, 2008
1. For constant ¢, o, . . ., a,, and an n-dimensional Brownian Motion B; = (B (t), ..., B,(t)),
let
X; = exp(ct + z”: a;B;(t)) (1)
j=1

Prove that

dX; = (c—i—%ia?)Xt +Xt(zn: a;dB;(t)) (2)
j=1 j=1

Proof. Pick u(t, By, ..., B,) = exp(ct + Y 7, a;B;(t)). The partial derivatives are

9 n
Uy = a—qz = Cexp(ct =+ Z OéJB]<t)) = CXt (3)
j=1
ou -
u; = 9B, (0) = a; exp(ct + ;aij(t)) = a; Xy (4)
82u ) - 2
U5 = W = 57;]'Ozj exp(ct + Z ijBj(t)) = 5ijant (5)

j=1

where 0;; is the Kronecker delta. Apply 1t6’s lemma to get:

n 1 n
dX, = wugdt+ Z uidBy(t) + 5 Z wdt (6)
7j=1 7j=1
n 1 n
= cXdt+ ) a;dB;(t) X, + 5% > addt (7)
j=1 j=1
1 n n
7j=1 7j=1
which completes the proof. O]

2. Solve the mean-reverting Ornstein-Uhlenbeck equation:
dXt = (TTL — Xt)dt + O'dBt (9)

where m and o are real constants. For a constant initial condition Z calculate the mean
and variance of X;.



Solution. Differentiate the function f(¢, X;) = X;e

df = Xeldt+e'dX,
= meldt + oeldB,

Integrate
t t
Xt = fc—i—m/ esds—i-a/ e*d By
0 0
t

X, = det+ml—et)+ a/ e*dB,
0

(12)

(13)

To calculate the mean, note that F[B;] = 0, which eliminates the contribution of the

integral.
¢
E[X;] = Elgte"+m(l—e")+ / e*'dBy]
0

t

= ge'+m(l—e)+ E[/ e*'dB,]
0

= e '+m(l—e)

Calculate the variance

t t
E[X}] = E[U2/O euth/O e’ "'dv] by Ito isometry
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— _1_ —2t
(1)

. Let z > 0 be a constant and let
11
Xt = <$§ + gBt)g, t Z 0
Prove that

1.1 2
dXt = §Xt3 dt + th dBt, XO = X.

Proof. Define u(t, B,) = X, = (x3 + $B,)?. Find the partial derivatives

p— — O
Ho ot
ou 11 2
w = gm =@+ gB) =X
qu 2 1 1 3 2. 1
v 98,05, 3@ t3B)r =3Xi

(17)
(18)

(19)

(20)

(21)



Now apply Itd’s lemma
dX; = wugdt+ urdB; + uqqdt
_ %gthdt + X} dB,
_ %th dt + X} dB,
which completes the proof.
. Consider the stochastic differential equation
dX; = f(Xy)dt + e(X})dBy; Xo=1x
Assume that e does not vanish and let g be a C? function, satisfying
F(@)g' () + 3¢ ()9 () = .
Let (a,b) be an open interval such that = € (a,b). Define
T=1inf{t > 0; X; ¢ (a,b)}

and
p = Pr[X, =b].
Prove that
_ gl@) — gla)
g(b) —g(a)

(32)

Proof. 1t6’s formula states that if ¢ satisfies (29), g(X;) is a martingale starting at the
initial point z. By above definition (30), X; exits the interval (a,b) at either a or b.

Use the martingale property

Elg(Xy)] = tlirgoE[g(Xt) 1p<ny]
= g(x)
Elr] < o

Follow the steps from class (CMG) and apply the relation
1 —p=Pr[X; =d

to get
g(a)(1 —p)+g(b)p = g(=).
Solve for p:
~ g(x) —g(a)
P79 — g0



Find a formula for p when
X;=x+ct+oB; (39)

Solution. Solve the ODE (29) for f(z) = ¢ and e(z) = 0. The solution is found
using (1) reduction of order and then (2) integrating factors (using the assumption
2cx

that 0 # 0). The solution is g(z) = ae™ o2.
condition that Pr[X, = b] = 1 at x = b and get:

Plug this expression into (38), apply

2¢(xz—a)
l—e o
p(ﬂ:) = _ 2¢(b—a) (40)
1—e o2



